@ TAFTCOLLEGE

Math 2140 Ordinary Differential Equations

Catalog Description:

The course is an introduction to ordinary differential equations including both quantitative and qualitative
methods as well as applications from a variety of disciplines. It introduces the theoretical aspects of differential
equations, including establishing when solution(s) exist, and techniques for obtaining solutions, including,
series solutions, and singular points, Laplace transforms and linear systems. C-ID: MATH 240. Transfer Credit:
CSU; UC.

SLO:

Course #1 - Model real situations using Ordinary Differential Equations.
Course #2 - Use appropriate methods to solve Ordinary Differential Equations such as LaPlace Transforms
and Series Solutions.

Sample Problems:

Review for Differential Equations

Overview of Notation

* Definitions:
o Summation:

ZEZ?JHIHIH]I---P{H 1) 4 n

o Product:

1_[ k=1-2-3-.-(n—=1)-(n) (Note: Inthis case we get n!}
k=1

o [ - Set of Real numbers
o Z-setofintegers{.— 3, -2,-1,0,1,2,3 ...}
o M -setof natural numbers {0,1,2.3, ...}

o 1 - set of rational numbers ['—J| p and g are integers}



o V-“forall”

o 3 -“There exists”

o = -implies

o e-ifandonlyif: A = B. (If Athen B,and if B then A)
o € ="is an element of”

o . -Therefore

© U -Union

o N -Intersection

o O - Null Set, Empty Set

1. Solve the following equations for y.
a. Zxy+x?+sin(x) =3y —day+2

b. sin(y)+5=x"4+3xr+2

e logg,y=x+2

S
d. T + x% = cos(x)

e. (v+2y)* —3x+ sin(0) = 4y + Zxy

2. Evaluate the following limits

a. Jllﬂ (5]

b. [ILI'EI\(EE -5

C. ;lﬂﬂ (5 cos(e) E"‘"]I

a
d. Assume a, k, & 0y are arbitrary constants. Find [ILm (—+ (Qn — —) e'r“)

ke



e Assume k, T & T}, are arbitrary constants. Find Iim{'."m + (1, — ]"M)E‘“_‘j
—om

3. Evaluate the following integrals

EI..J‘SE'C}":I} + 2 4+ sin{4) + x dx

x
z S
h.,‘-ﬂ:x + 5x7" + sin (g) dx
. j V5 + V5 + Yds
d. [ sin®(t) cos? (1) dt

2

B J ae(t? — 1) dt

-1

f.J‘xze"'dx
g. J. tan(t) + In(t) dt

h. J-{xzyj + sin{xy))dy

] 3x+11
!.Jz—dx
¥ —x—06

4. Let f(x,v,z) = x*v* + cos(xz) + ¢**“. Find the following

_‘J_'r_i Z,.3 TyE
a f = e = d_tfx v+ cos(xz) + e )

_‘J_'r_l 2.3 xyz
b. fy = 3y = 3y (v + coslxz) + ™)

B _ o fary 24
€ fyx = (fv); - E(H) = Dxiy



d ri ad4r
dfo = (f)e = —(2) = £

ilx

5. Find the following derivatives

a. i[e"z + In(x) + sin(x))

b. % {:Hstz + cos G} - tan{st})

c. %(sin(ms (28

Solutions:

1. Solve the following equations for v.
a. Zxy+x®+sin(y) =3y —dxy+2

= 2xy — 3y + dxy = 2 — x* + sinx)
= y(Zx — 34+ 4x) = 2 — 2 + sin(x)

2 —x% +sinlx)
-y =——

bx — 3
b. sin(y)+5=x>+3r+2

=sinlv)=x*+3x -3

—y=sin"1{x243x -3

€ logg;y=x+2

]7x+2
L

L SN .
d. T + x cos(x)
= 1+x v+ =cos(x) v+ )
= 1+ x°v+ 2x° = veos(x) + 2 cos(x)

e xiy —yeos(x) = 2eos(x) — 1 — Zx?




e. (x+2y)* —3x+sin(0) = 4y + 2xy
e xi4 dxy + 4_1_:2 —3x+0= 4}'3 + dxy
= x? 4 2xy—3x =10

x—x* I-—x
—_ -=—
¥ 2x 2

2. Evaluate the following limits

a. llim B)=5

-

: T PR R Sl Y
b. lim(Se >-)w,‘.(e::) "

. 3 _ [cos(t) . 7
C. lllm (Seos(t)e ™) =5 }1111 =— | = Apply the Squeeze Theorem
—0 —n P

-1 cos(t) 1
Smee =1 tos{E) S 1 S —~S >
- e~ e
-1 cos(t) I
= lim— < llm < lim ==
t—on g2 e’ t—oo !
cos(t)
S0 s lim———x<
t—e @2

~ lim(5cos() e ) =0

a a
d. Assume a, k, & @ are arbitrary constants where k # 0. Find tlinjl (F+ (Qo - E) e-kt)
- ,—kt 1 ,—kt
i G+ (00 =2)e*) = jim () + (00 =3) ™)
Note: We can see that the limit above depends on the value of k. So we split it upinto 2 cases: ik < 0 & i = 0.
; PRy o kt) _
Casel:If k<0 — _.llf‘} (A) ((}.. ) hm(e )=+w

Case 2:1f k >O~ran} (—:—)+(QU——-) hll](g o =z

e Assume k, T & T,, are nonzero arbitrary constants where & # 0. Find :an;{T},n +(Ty = T)e ™)
:I it n_}:{'f I 9 ) [J im (7)) + (Ty = Ty - [l im (e=%t)
Note: We can see that the limit above depends on the value of k. 5o we split it up into 2 cases: & < 0 & k = 0.
Case L if k<0 — !191}:{]';.,,) 4+ (Tyg — Tin) -!li_n.}:l[f«_"“} = 4o

Case 2:0f k=0 = lim (1},,) + (I — 1)) - lim (e ™) = 7,



3. Evaluate the following integrals

1
J..f sec?(x) + 2 +sin(4) + x¥dx = tan(x) + 2x +sin(4) x +—x' + C

d 1 , .
1-"L>re'.r"_1.-:_—[it.ln(.r] + 2x +s5in(4) x +?.r' + ) = sec(x) + 2 + sin(4) + x°
dx

= - . X .
X —2cos [:—:] + L

. . X k!
2 - Y i DT
h.J‘ch + 5x7° + sin (g) dy = 3 X

]'-1-'1%(% i —;.t'" — 2cos (EJ - -:'.'J = 4x? 4 5x~% 4 sin (%J

) 2 .. 03 ., 4
..».fﬁ+ VS sds = 5572 s g s

d¢2 ... 3 ., 4 _ —
L-'-_=réf'.-':E(H:.--”’- +?x'f’-' +ostli+ f.') =5+ 35+

l:l.j sin*(t) cos? () dt = J’.'-'.'i".'l{::ln'ni.'-'(_f]-'.'rl.x'"(f]-cn‘f = J sin*()cos(e)(1 — sin? (1) )dt

- J.\'f.‘l Yt yeos(t)de — f.c:rr"[:}c'e;.<[rjc4'r — Let u = sin(t) then du = cos(t)dt

) 1 - 1 .
- J' wrdu — fiu"'u'!q = ;i."' —T—_u' +C

1 . 1 -
(Substitute back) — —sin"(t) — ssin" () + €
3 ;

i1 - 1 -
Verif :—[i; sin”(t) —=sin"{t) + f.') = sin"(t) cos*(©)
b \: !

2
B f&t(r-‘! —1)%dt — Let u = (£* — 1) then du = 2tdt — 3du = btdt
-1

— J 3utdu = u'|i

(Substitute back) < (£ = 1) ;22 = (3)" = (0)" = 27

Mote: Instead of having to substitute back before evaluating our definite integral at the lower and upper bounds, we could
solve for our bounds in terms of 1 using the substitution that we have already established.

Sinceu=t—1=UB=(2)*-1=3 & LB=(-1)2-1=0



Then we end up with the following definite integral in terms of u:
jH udu = w'|y,=p = (3 = ()7 = 27
a

Whether we substitute the bounds or substitute our answer back before plugging in the bounds, we will always end up
with the exact same solution.

f.jxe-‘rix

Use Integration by Parts — f u'vy = ur — f ur

—u=¢"% u=du=¢* and vr=x & v =dr=1

X X X X o
—+ g7 X —J’L' rldx =xe" —e” + L0

Note: You can also use Tabular Method to solve this:

Derivative | Integral

X et
1 a”
0 et

— 4+ e¥) = (1-e¥) +C

—xet —et 4+ 00

g.ftan{t] +In(e)dt = J-:::ﬁ:; dt +f 1 - In(t) dt

Use U — Substitution & Integration by Parts

J sin(t) de = Let u = cos(t) then du = —sin(tdt
cos(t)
1
- J‘ —du = —In|u| + €,
il

1
f L' In()dt—=u=t& uw=du=1 and v=In(t) & v' =dvp =

In|cos(t)| + €, = In|sec(t)| + C,

—t-In(t) —f: —dt =t-In(t) —t+C

f ‘-I':JI“E::;I dt + f L-In(t)dt = In|sec(t)| + ¢t In{t) —t + €



h. J-[xz}'3 + sin{xy))dy

Note: We are treating x as a constant in this example

. | 1
—x° J yidy + fﬁin (xyv)dy = x*° [:?"} - ?c-:}r;[r_‘,'] +C

J‘ Bx+11
L. IE—I—E! X

Use Partial Fraction Decomposition

B
= —+ —— — Multiply both sides of equation by LCD: (x — 3)(x + 2)
A T &

= 3r+11=Alx+2)+(Fx—3)
Note: Now we need to set our coefficients equal and solve for A & 5.
A+B8=38& 24-3B =11

S A=4&E=—1
Jx+ 11 4 1
J‘x—.{f.'f = j —dx — f —dr = 4lnfx — 3| —Injx + 2|+ C
xc—x—=6b xr—3 x+2

4. Let f(x,v,z) = x*v* + cos(xz) + ¢**“. Find the following

_"J_'r_i Z,.3 Iyz
a.fx—dl—‘hfxy + cos(xz) + *¥¥)

fo = 2yt — 2 sin(xz) + yz - e*¥*

M _ 833 xyz
b. f, 3y — By (x*y? + cos(xz) 4+ e*¥E)

fy = 3x%y? + xzet¥*

c. fy.t = {f'r'}i - %(J_IJ - JTJ{»'

dy

From part (b) we know that f, = 3x2yZ + xze™Z, s0 now we need: — (3x2y2 + xze7)
- ox :
- rl\i 1] ] r} 1] TN
vr = =— (325" + xze™) = gy + xyetetE 4o ze
& l:-'lf - - ”

d fa iy
d fur = (R == (%) ==L

xyz

From part (a) we know that f, = 2Zxy” — 2 sin{xz) + vz - ¢, s0 now we nE|E||:I:+I::2.1;_1."t —z-sin(xz) + yz- ™)

) a ) , ;3
fiox = H(E.t‘_',"' —z-sin{xz) + vz ™) = 2yt — 2% cos(xz) + yozte

xyE



5. Find the following derivatives
a.i[exa + Inx) + sin(x))

—_ —

e**) +—(In{x)) + —(sin(x)) = 2xe™ + =+ cos(x)
dx dx dx -

b.—; (E:;IZ + cos G) - tgn{st])
Bst?) + {}( ()) 2 (an(st)) = 165t — =i (J sec?(st)
(8s A Cos 7 {}r{an{nl = 165 Tf,m - s - sec2(s

C. ;—H(si n{cos(28)))

Use Chain Rule — cos(cos(20)) - (—sin(20)) - 2 = =2 sin(28) - cos(cos(267)



